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Àííîòàöèÿ
Â ðàáîòå ïðåäëîæåíà ìàòåìàòè÷åñêàÿ ìîäåëü äëÿ îäíîìåðíîãî íåðàâíîâåñíîãî ðóñëî-
âîãî ïðîöåññà. Ìîäåëü ó÷èòûâàåò äâèæåíèå íàíîñîâ âî âçâåøåííîì è âëåêîìîì ñîñòîÿíèè.
Òðàíñïîðò âëåêîìûõ íàíîñîâ îïðåäåëåí ñ ïîìîùüþ îðèãèíàëüíîé ôîðìóëû, àíàëèòè-
÷åñêè ïîëó÷åííîé èç óðàâíåíèÿ äâèæåíèÿ òîíêîãî ïðèäîííîãî ñëîÿ. Äàííàÿ ôîðìóëà
íå ñîäåðæèò íîâûõ ôåíîìåíîëîãè÷åñêèõ ïàðàìåòðîâ è ó÷èòûâàåò âëèÿíèå óêëîíà äíà,
ôèçèêî-ìåõàíè÷åñêèõ è ãðàíóëîìåòðè÷åñêèõ ïàðàìåòðîâ äîííîãî ìàòåðèàëà íà ïðîöåññ
òðàíñïîðòà âëåêîìûõ íàíîñîâ. Äëÿ âåðèôèêàöèè ïðåäëîæåííîé ìîäåëè áûë ðåøåí ðÿä
êëàññè÷åñêèõ òåñòîâûõ çàäà÷. Âûïîëíåíî ñðàâíåíèå ðåçóëüòàòîâ ÷èñëåííûõ ðàñ÷åòîâ ñ èç-
âåñòíûìè ýêñïåðèìåíòàëüíûìè äàííûìè è ðåçóëüòàòàìè äðóãèõ àâòîðîâ. Ïîêàçàíî, ÷òî,
íå ñìîòðÿ íà îòíîñèòåëüíóþ ïðîñòîòó ïðåäëîæåííîé ìàòåìàòè÷åñêîé ìîäåëè, ïîëó÷åííûå
÷èñëåííûå ðåøåíèÿ õîðîøî ñîãëàñóþòñÿ ñ ýêñïåðèìåíòàëüíûìè äàííûìè.
Êëþ÷åâûå ñëîâà: âçâåøåííûå íàíîñû, âëåêîìûå íàíîñû, íåðàâíîâåñíûé ðóñëîâîé
ïðîöåññ, äîííûå äåôîðìàöèè, êàâåðíà, ìàòåìàòè÷åñêàÿ ìîäåëü, íàìûâ, ðàçìûâ, ýðîçèÿ,
ñåäèìåíòàöèÿ
1. Ââåäåíèå
Â íàñòîÿùåå âðåìÿ ñóùåñòâóåò áîëüøîå êîëè÷åñòâî ìàòåìàòè÷åñêèõ ìîäåëåé,
îïèñûâàþùèõ ïðîöåññ äåôîðìàöèè äîííîé ïîâåðõíîñòè. Îäíàêî,áîëüøàÿ ÷àñòü èç
íèõ ñîäåðæèò ýìïèðè÷åñêèå ïàðàìåòðû è ïîëóàíàëèòè÷åñêèå çàâèñèìîñòè, êîòî-
ðûå óñëîæíÿþò ìàòåìàòè÷åñêóþ ìîäåëü è ïîçâîëÿþò ëèøü êà÷åñòâåííî îöåíèâàòü
õàðàêòåð ðàçâèòèÿ ðóñëîâûõ ïðîöåññîâ, òðåáóÿ äëÿ êîíêðåòíûõ ðàñ÷åòîâ äîïîëíè-
òåëüíîé àäàïòàöèè.
Â ðàáîòå ïðåäëîæåíà íåðàâíîâåñíàÿ ðóñëîâàÿ ìîäåëü, îñíîâàííàÿ íà ìîäåëÿõ
[13], êîòîðàÿ ó÷èòûâàåò äâèæåíèå äîííîãî ìàòðèàëà âî âçâåøåííîì è âëåêîìîì
ñîñòîÿíèè. Ãèäðîäèíàìè÷åñêàÿ ÷àñòü ìîäåëè âêëþ÷àåò óðàâíåíèÿ äâèæåíèÿ âîä-
íîãî ïîòîêà â ðàìêàõ ïðèáëèæåíèÿ "ìåëêîé âîäû". Òðàíñïîðò âëåêîìûõ íàíî-
ñîâ íàõîäèòñÿ ñ ïîìîùüþ îðèãèíàëüíîé ôîðìóëû, àíàëèòè÷åñêè ïîëó÷åííîé èç
óðàâíåíèÿ äâèæåíèÿ òîíêîãî ïðèäîííîãî ñëîÿ, ÷òî ïîçâîëÿåò èññëåäîâàòü âëèÿ-
íèå ãðàíóëîìåòðè÷åñêèõ è ôèçèêî-ìåõàíè÷åñêèõ õàðàêòåðèñòèê äîííîãî ìàòðèàëà
íà äåôîðìàöèè äîííîé ïîâåðõíîñòè â êà÷åñòâåííîì è êîëè÷åñòâåííîì îòíîøåíèè.
Äëÿ âåðèôèêàöèè ïðåäëîæåííîé ìîäåëè ðåøåí ðÿä êëàññè÷åñêèõ òåñòîâûõ çà-
äà÷. Âûïîëíåíî ñðàâíåíèå ðåçóëüòàòîâ ÷èñëåííûõ ðàñ÷åòîâ ñ èçâåñòíûìè ýêñïåðè-
ìåíòàëüíûìè äàííûìè [4,5] è ðåçóëüòàòàìè äðóãèõ àâòîðîâ [4, 6]
2. Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà
Îäíîìåðíàÿ ïî ïðîñòðàíñòâó ìàòåìàòè÷åñêàÿ ìîäåëü äëÿ íåðàâíîâåñíîãî ðóñ-
ëîâîãî ïðîöåññà âêëþ÷àåò â ñåáÿ:
- óðàâíåíèå ìåëêîé âîäû [7]
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- óðàâíåíèå Ýéñíåðà [7]
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íîñòü, "  ïîðèñòîñòü äîííîãî ìàòåðèàëà, G  óäåëüíûé ìàññîâûé ðàñõîä âëåêîìûõ
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Òðàíñïîðòèðóþùàÿ ñïîñîáíîñòü ïîòîêà S íàõîäèòñÿ ïî ôîðìóëå [8]
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G = G0 
3
2

(1  )  1
tan' cos 

1  
2
 @
@x

; (6)
G0 =
4
3
s m

p
w(s   w)g tan' cos  ; m =

1;   1
0;   1 ;
 =
r


;  =
3
8
2d(s   w)g tan' cos 
cx
; (7)
ãäå   êðèòè÷åñêîå ïðèäîííîå êàñàòåëüíîå íàïðÿæåíèå, '  óãîë âíóòðåííåãî
òðåíèÿ ÷àñòèö, cx  ëîáîâîå ñîïðîòèâëåíèå ÷àñòèö, d  ñðåäíèé äèàìåòð ÷àñòèö,
  îñòðûé óãîë ìåæäó íîðìàëüþ ê ïîâåðõíîñòè äíà è âåðòèêàëüíîé ëèíèåé,  
ïîñòîÿííàÿ Êàðìàíà.
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Óðàâíåíèÿ (1)-(6) ïðè çàäàííîì ðàñõîäå Q çàìûêàþòñÿ íà÷àëüíûìè
(x; 0) = 0(x) (8)
è ãðàíè÷íûìè óñëîâèÿìè
S(0; t) = S0; G(0; t) = G0;
@(L; t)
@x
= J; H(L; t) = H0; (9)
ãäå 0  íà÷àëüíûé óðîâåíü äîííîé ïîâåðõíîñòè, H
0  ãëóáèíà ïîòîêà íà âûõîäå èç
ðàñ÷åòíîé îáëàñòè, G0  ðàñõîä âëåêîìûõ íàíîñîâ, ïîñòóïàþùèõ â ðàñ÷åòíóþ îá-
ëàñòü, S0  ñðåäíÿÿ ñóáñòàíöèàëüíàÿ ìóòíîñòü, ïîñòóïàþùàÿ â ðàñ÷åòíóþ îáëàñòü,
J  îñíîâíîé óêëîí äîííîé ïîâåðõíîñòè, L  äëèííà ðàñ÷åòíîé îáëàñòè.
3. Ðåçóëüòàòû èññëåäîâàíèé
Äëÿ âåðèôèêàöèè ïðåäëîæåííîé ìîäåëè ðåøåíû êëàññè÷åñêèå òåñòîâûå çàäà÷è
î äâèæåíèè êëèíà äîííûõ íàíîñîâ è î çàìûâå êàâåðíû. Ðåøåíèå äàííûõ òåñòîâûõ
çàäà÷ ïîçâîëÿåò îöåíèòü ñïîñîáíîñòü ìîäåëè îòðàæàòü ïðîöåññ ðàçìûâà è íàìûâà
äîííîé ïîâåðõíîñòè.
Ðèñ. 1. Ñðàâíåíèå ýêñïåðèìåíòàëüíûõ äàííûõ è ðàñ÷åòíûõ äàííûõ
Èñõîäíûå äàííûå äëÿ çàäà÷è î äâèæåíèè êëèíà äîííûõ íàíîñîâ áûëè âçÿòû
èç ýêñïåðèìåíòàëüíîé ðàáîòû [5]. Íà ðèñ. 1 ïðèâåäåíî ðàñ÷åòíûå ïðîôèëè äíà,
ïðîôèëè äíà, ïîëó÷åííûå ñ ïîìîùüþ ìîäåëè CCHE1D [6] è ýêñïåðèìåíòàëüíûå
äàííûå [5].
Èç ãðàôèêîâ, ïðåäñòàâëåííûõ íà ðèñ. 1 âèäíî, ÷òî íå ñìîòðÿ íà íåîäíîðîäíûé
ôðàêöèîííûé ñîñòàâ íàìûâàåìîãî êëèíà, ïîëó÷åííûå äîííûå ïðîôèëè õîðîøî
ñîãëàñóþòñÿ ñ ýêñïåðèìåíòàëüíûìè äàííûìè. Ïðåäëîæåííàÿ ðóñëîâàÿ ìîäåëü õî-
ðîøî âîññòàíàâëèâàåò ãîðèçîíòàëüíûé ôðîíò êëèíà, âûäåðæèâàåò ñêîðîñòü ñäâèãà
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êëèíà, ìàêñèìàëüíîå îòêëîíåíèå ðàñ÷åòíûõ äàííûõ îò ýêñïåðèìåíòàëüíûõ íàáëþ-
äàåòñÿ íà âåðòèêàëüíîì ôðîíòå êëèíà äîííûõ íàíîñîâ. Äàííîå îòêëîíåíèå ñâÿçàíî
ñ ðåçêèì óâåëè÷åíèåì ãëóáèíû, êîòîðîå ñïîñîáñòâóåò îñàæäåíèþ ìåëêèõ ôðàêöèé
íàíîñîâ è ôîðìèðîâàíèþ ñãëàæåííîãî ïðîôèëÿ êëèíà. Òàê êàê ïðåäëîæåííàÿ ìî-
äåëü ÿâëÿòñÿ îäíîôðàêöèîííîé, îíà íå ñïîñîáíàÿ ó÷åñòü äàííûé ïðîöåññ. Ñðåäíÿÿ
îòíîñèòåëüíàÿ ïîãðåøíîñòü ðàñ÷åòíûõ äàííûõ ïî ïðåäëîæåííîé ìîäåëè ðàâíà 5
%.
Ïðîôèëè, ïîëó÷åíûûå ïî ìîäåëè CCHE1D [6] áîëåå ïëàâíûå è âîññòàíàâëèâàþò
âîãíóòîñòü ïðîôèëÿ êëèíà è âåðòèêàëüíûé ôðîíò êëèíà äîííûõ íàíîñîâ. Íî, íå
ñìîòðÿ íà ýòî, ðåøåíèÿ [6] èìåþò ñðåäíþþ îòíîñèòåëüíóþ ïîãðåøíîñòü, êîòîðàÿ
íåçíà÷èòåëüíî ìåíüøå ïîãðåøíîñòè ïîëó÷åííûõ ïî ïðåäëîæåííîé ìîäåëè ðåøåíèé
è ñîñòàâëÿåò 2 % .
Òàêèì îáðàçîì, ïðåäëîæåííàÿ ìîäåëü êà÷åñòâåííî è êîëè÷åñòâåííî íå óñòóïàåò
ìîäåëè [6].
Ðèñ. 2. Ñðàâíåíèå ýêñïåðèìåíòàëüíûõ äàííûõ è ðàñ÷åòíûõ äàííûõ, âðåìÿ íàáëþäåíèÿ
Çàäà÷à î çàìûâå êàâåðíû òðàíçèòíûì ãèäðîäèíàìè÷åñêèì ïîòîì ÿâëÿåòñÿ êîì-
ïëåêñíîé è åå ðåøåíèå ïîçâîëÿåò îöåíèòü ñïîñîáíîñòü ìîäåëè îòðàæàòü ïðîöåññ
ðàçìûâà è íàìûâà äîííîé ïîâåðõíîñòè â ñîâîêóïíîñòè. Äàííûå äëÿ ðàñ÷åòîâ áûëè
âçÿòû èç ýêñïåðèìåíòàëüíîé ðàáîòû [4]. Íà ðèñ. 2 ïðèâåäåíî ñðàâíåíèå ðàñ÷åòíûõ
äàííûõ ñ ýêñïåðèìåíòàëüíûìè äàííûìè [4] è ðåçóëüòàìè ðàñ÷åòîâ ïî äâóìåðíîé
íåðàâíîâåñíîé ìîäåëè [4] ÷åðåç 7 è 14 ÷àñîâ íàáëþäåíèÿ.
Èç ñðàâíåíèÿ ãðàôèêîâ íà ðèñ. 2 âèäíî, ÷òî îòêëîíåíèå ðàñ÷åòíûõ äàííûõ
[4] îò ýêñïåðèìåíòàëüíûõ äàííûõ íà íàïîðíîì ñêëîíå êàâåðíû äîñòèãàåò 39 %.
Ìîäåëü [4] îñóùåñòâëÿåò èçáûòî÷íûé ðàçìûâ ïîäâåòðåííîãî ñêëîíà êàâåðíû, íå
âîññòàíàâëèâàåò ãëóáèíó êàâåðíû. Ðåøåíèÿ ïî ïðåäëîæåííîé ìîäåëè ëó÷øå ñî-
ãëàñóþòñÿ ñ ýêñïåðèìåíòüíûìè äàííûìè â îáëàñòè ïîäâåòðåííîé è äîííîé ÷àñòè
êàâåðíû, ìàêñèìàëüíîå îòêëîíåíèå ðàñ÷åòíûõ äàííûõ îò ýêñïåðèìåíòàëüíûõ íà
ýòèõ ó÷àñòêàõ íå ïðåâûøàåò 13 %. Ê ñîæàëåíèþ, â îòëè÷èå îò ïðåäûäóùèõ ýêñ-
ïåðèìåíòàëüíûõ äàííûõ, íàáëþäàòåëè [4] íå ïðèâîäÿò ãðàôèêè èçìåíåíèÿ óðîâíÿ
äîííîé ïîâåðõíîñòè â âûõîäíîé ÷àñòè êàíàëà; ýòî óñëîæíÿåò îöåíêó ïîëó÷åííûõ
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ïðîôèëåé äíà íà ó÷àñòêå íàïîðíîãî ñêëîíà êàâåðíû, ãäå íàáëþäàåòñÿ îñíîâíîå ðàñ-
ñîãëàñîâàíèå ýêñïåðèìåíòàëüíûõ äàííûõ ñ ðàñ÷åòíûìè äàííûìè ïî ïðåäëîæåííîé
ìîäåëè è ìîäåëè [4]. Â öåëîì ïî îáëàñòè, çà èñêëþ÷åíèåì íàïîðíîãî ñêëîíà êà-
âåðíû, ïðåäëîæåííàÿ ìîäåëü õîðîøî ñîãëàñóåòñÿ ñ ýêñïåðèìåíòàëüíûìè ñ ñðåäíåé
îòíîñèòåëüíîé ïîãðåøíîñòüþ ïîëó÷åííûõ äàííûõ 7.5 %.
4. Çàêëþ÷åíèå
Â ðàáîòå ïðåäëîæåíà ìàòåìàòè÷åñêàÿ ìîäåëü äëÿ îäíîìåðíîãî íåðàâíîâåñíî-
ãî ðóñëîâîãî ïðîöåññà. Â ðàìêàõ ïðåäëîæåííîé ìîäåëè ðåøåí ðÿä ìîäåëüíûõ
ðóñëîâûõ çàäà÷. Ñðàâíåíèå ðåçóëüòàòîâ ÷èñëåííûõ ðàñ÷åòîâ ñ èçâåñòíûìè ýêñ-
ïåðèìåíòàëüíûìè äàííûìè ïîêàçàëî, ÷òî, íå ñìîòðÿ íà îòíîñèòåëüíóþ ïðîñòîòó
ïðåäëîæåííîé ìàòåìàòè÷åñêîé ìîäåëè, ïîëó÷åííûå ÷èñëåííûå ðåøåíèÿ õîðîøî
ñîãëàñóþòñÿ ñ ýêñïåðèìåíòàëüíûìè äàííûìè. Ñðàâíåíèå ðåçóëüòàòîâ ÷èñëåííûõ
ðàñ÷åòîâ ñ ðåçóëüòàòàìè äðóãèõ àâòîðîâ ïîêàçàëî,÷òî ïðåäëîæåííàÿ ìîäåëü ïðå-
âîñõîäèò ïî òî÷íîñòè ìîäåëè [4, 6]. Òàêèì îáðàçîì, ïðåäëîæåííàÿ ìîäåëü ìîæåò
ïðèìåíÿòüñÿ ïðè ðåøåíèè øèðîêîãî äèàïàçîíà ïðàêòè÷åñêèõ ðóñëîâûõ çàäà÷.
Summary
I.I. Potapov, K.S. Snigur The modeling of sand riverbed evolution in one-dimension
In the paper the model for a one-dimensional non-equilibrium riverbed process is proposed.
The model takes into account the suspended and bed-load sediment transport. The bed-load
transport is determined by using the original formula. This formula was derived from the thin
bottom layer motion equation. The formula doesn't contain new phenomenological parameters
and takes into account the inuence of bed slope, granulometric and physical mechanical
parameters on the bed-load transport. A number of the model test problems are solved for the
verication of the proposed mathematical model. The comparison of the calculation results
with the established experimental data and results of other authors is made. It was shown,
that obtained calculation results have a good agreement with the experimental data in spite of
the relative simplicity of the proposed mathematical model. Key words: suspended sediment,
bed-load sediment, non-equilibrium riverbed process, bed deformation, cavern, mathematical
model, erosion, deposition, sedimentation
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